Abstract: This study investigates the accuracy of solution for fractional-order an SEIR epidemic model by using the homotopy analysis method. The homotopy analysis method provides us with a simple way to adjust and control the convergence region of the series solution by introducing an auxiliary parameter. Mathematical modeling of the problem leads to a system of nonlinear fractional differential equations. Indeed, we find the analytical solution of the proposed model by Homotopy analysis method which is one of the best methods for finding the solution of the nonlinear problem. Numerical simulations are given to illustrate the validity of the proposed results.
INTRODUCTION
Mathematical modeling in epidemiology provides understanding of the mechanisms that influence the spread of a disease and it suggests control strategies. One of the early models in epidemiology was introduced in Kermack and McKendrick (1991) to predict the spreading behavior of a disease. In this model, the total population is assumed to be constant and divided into three classes namely suspended, infectious and recovered. Over the years, more complex models have been derived (Hethcote, 2000) . For some diseases, it is found that for a period of time, a part of the infectious class does not show the symptoms. For modeling such diseases SEIR models are used (ElSheikh and El-Marouf, 2004) .
In the SEIR model, the population is divided into four compartments: a susceptible compartment labeled ܵ, in which all individuals are susceptible to the disease; an exposed compartment labeled ‫,ܧ‬ in which all individuals are infected but not yet infectious; an infected compartment labeled ‫,ܫ‬ in which all individuals are infected by the disease and have infectivity; and a removed compartment labeled ܴ, in which all individuals are removed from the infected compartment. Let ܵሺ‫ݐ‬ሻ, ‫ܧ‬ሺ‫ݐ‬ሻ, ‫ܫ‬ሺ‫ݐ‬ሻ and ܴሺ‫ݐ‬ሻ denote the number of individuals in the compartments ܵ, ‫,ܧ‬ ‫ܫ‬ and ܴ at time ‫,ݐ‬ respectively. The model consists of the following nonlinear differential system (El-Sheikh and El-Marouf, 2004) : where, ߚ, ߤ, ‫,ݎ‬ ߪ, ߢ, ߛ, ߙ, ߜ and ܰ ௌ , ܰ ா , ܰ ூ , ܰ ோ are positive real numbers and ܰሺ‫ݐ‬ሻ represents the total population at time ‫.ݐ‬ In the SEIR model (1), the biological meaning of the parameters are summarize as follows. ߚ is the transmission coefficient of the disease; ߤ is the natural mortality rate; ‫ݎ‬ is the birth rate; ߪ ିଵ is the incubation period; ߢ and ߛ are the recovery rate for both exposed and infected populations; ߙ is the disease induced morality rate; ߜ ିଵ is the loss of immunity period and ‫ݐ‬ is controls how long the model will run. Moreover, the force of infection is ߚ ூሺ௧ሻ
ேሺ௧ሻ
and the incidence rate is ߚ ூሺ௧ሻௌሺ௧ሻ
. The differential equations of system (1) describe the dynamical behaviors of every dynamic element for whole epidemic system (1) and the last algebraic equation describes the restriction of every dynamic element of system (1). That is, the differential and algebraic system (1) can describe the whole behavior of certain epidemic spreads in a certain area.
In SEIR model (1) and (2) considered here, we assume that immunity is permanent and that recovered individuals do not revert to the susceptible class. It is assumed that all newborns are susceptible and a uniform birthrate. Also, we ignore any subdivisions of the population by age, sex, mobility, or other factors, although such distinctions are obviously of importance. A detailed history of mathematical epidemiology may be found in the classical books (Bailey, 1975; Murray, 1993; Anderson and May, 1998) .
In terms of the dimensionless proportions of susceptible, exposed, infectious and recovered individuals it is assumed that ‫ݏ‬ሺ‫ݐ‬ሻ = Note that the total population size ܰሺ‫ݐ‬ሻ does not appear in system (3), this is a direct result of the homogeneity of the system (1).
The differential equations with fractional order have recently proved to be valuable tools to the modeling of many real problems in different areas (Oldham and Spanier, 1974; Miller and Ross, 1993; Mainardi, 1997; Luchko and Gorenflo, 1998; Podlubny, 1999) . This is because of the fact that the realistic modeling of a physical phenomenon does not depend only on the instant time, but also on the history of the previous time which can also be successfully achieved by using fractional calculus. For example, half-order derivatives and integrals proved to be more useful for the formulation of certain electrochemical problems than the classical models. Furthermore, using fractional order differential equations can help us to reduce the errors arising from the neglected parameters in modeling real life phenomena (Luchko and Gorenflo, 1998; Podlubny, 1999) . Lately, a large amount of studies developed concerning the application of fractional differential equations in various applications in fluid mechanics, viscoelasticity, biology, physics and engineering (Miller and Ross, 1993; Mainardi, 1997; Podlubny, 1999) . A review of some applications of fractional derivatives in continuum and statistical mechanics is given by Mainardi (1997) .
In this study, we study the mathematical behavior of the solution of a fractional SEIR model as the order The Homotopy Analysis Method (HAM), which proposed by Liao (1992) , is effectively and easily used to solve some classes of nonlinear problems without linearization, perturbation, or discretization. This method has been implemented in many branches of mathematics and engineering, such as unsteady boundary-layer flows over a stretching flat plate (Liao, 2006) and strongly nonlinear differential equation (Liao, 2010) . For linear problems, its exact solution can be obtained by few terms of the homotopy analysis series. In the last years, extensive work has been done using HAM, which provides analytical approximations for linear and nonlinear equations. The reader is kindly requested to go through Liao (1992 Liao ( , 1998 Liao ( , 2003 Liao ( , 2004 Liao ( , 2006 , El-Ajou et al. (2012) and Abu Arqub et al. (2013a) in order to know more details about HAM, including its history, its modification for use, its applications on the other problems and its characteristics. On the other hand, the numerical solvability of other version of differential problems can be found in Al-Smadi et al. (2013 ), Abu Arqub et al. (2013b and Freihat and Al-Smadi (2013) and references therein.
This study is organized as follows. Firstly, we present some necessary definitions and preliminary results that will be utilized in our work. Then, the basic idea of the homotopy analysis method and the statement of the method for solving a fractional-order SEIR model by HAM are introduced. Base on the above, numerical results are given to illustrate the capability of the presented method and the convergence of the HAM series solution is analyzed. The conclusion remarks are given in the final part.
PRELIMINARIES AND MATERIALS
The material in this section is basic in some sense. For the reader's convenience, we present some necessary definitions from fractional calculus theory and preliminary results. For the concept of fractional derivative, we will adopt Caputo's definition, which is a modification of the Riemann-Liouville definition and has the advantage of dealing properly with initial value problems in which the initial conditions are given in terms of the field variables and their integer order, which is the case in most physical processes (Caputo, 1967; Oldham and Spanier, 1974; Miller and Ross, 1993; Mainardi, 1997; Luchko and Gorenflo, 1998; Podlubny, 1999) .
Definition 1: A real function ݂ሺ‫ݔ‬ሻ, ‫ݔ‬ > 0 is said to be in the space ‫ܥ‬ ఓ , ߤ ∈ ℝ if there exists a real number ‫‬ > ߤ, such that ݂ሺ‫ݔ‬ሻ = ‫ݔ‬ ݂ ଵ ሺ‫ݔ‬ሻ, where ݂ ଵ ሺ‫ݔ‬ሻ ∈ ‫,0[ܥ‬ ∞ሻ and it is said to be in the space
Definition 2: The Riemann-Liouville fractional integral operator of order ߙ ≥ 0, of a function ݂ሺ‫ݔ‬ሻ ∈ ‫ܥ‬ ఓ , ߤ ≥ −1 is defined as:
where, ߙ > 0 and Γ is the well-known Gamma function.
Properties of the operator ‫ܬ‬ ఈ can be found in Caputo (1967) , Oldham and Spanier (1974) , Miller and Ross (1993) , Mainardi (1997) , Luchko and Gorenflo (1998) and Podlubny (1999) , we mention only the following: for ݂ ∈ ‫ܥ‬ ఓ , ߤ ≥ −1, ߙ, ߚ ≥ 0 ܽ݊݀ ߛ ≥ −1, we have:
The Riemann-Liouville derivative has certain disadvantages when trying to model real-world phenomena with fractional differential equations. Therefore, we shall introduce a modified fractional differential operator ‫ܦ‬ * ఈ proposed by Caputo in his work on the theory of viscoelasticity (Caputo, 1967) .
Definition 3:
The fractional derivative of ݂ ∈ ‫ܥ‬ ିଵ in the Caputo sense is defined as:
where ݊ ∈ ℕ and ߙ is the order of the derivative.
Lemma 1: If ݊ − 1 < ߙ ≤ ݊, ݊ ∈ ℕ and ݂ ∈ ‫ܥ‬ ఓ , ߤ ≥ −1, then:
For mathematical properties of fractional derivatives and integrals, one can consult the mentioned references.
THE HOMOTOPY ANALYSIS METHOD (HAM)
The principles of the HAM and its applicability for various kinds of differential equations are given in Liao (1992 Liao ( , 1998 Liao ( , 2003 Liao ( , 2004 Liao ( , 2006 , El-Ajou et al. (2012) and Abu Arqub et al. (2013a) . For convenience of the reader, we will present a review of the HAM and then we will implement the HAM to construct a symbolic approximate solution for the fractional SEIR model (5) and (4). To achieve our goal, we consider the nonlinear differential equation:
where, ܰ are a nonlinear differential operator and ‫ݕ‬ ሺ‫ݐ‬ሻ are unknown function of the independent variable ‫. ݐ‬ Liao (1992 ݐ‬ Liao ( , 1998 ݐ‬ Liao ( , 2003 ݐ‬ Liao ( , 2004 constructs the socalled zeroth-order deformation equation:
where, ‫ݍ‬ ∈ [0,1ሿ is an embedding parameter, ℏ ≠ 0 is an auxiliary parameter, ‫ܪ‬ ሺ‫ݐ‬ሻ ≠ 0 are an auxiliary function, Λ are an auxiliary linear operator, ܰ are a nonlinear differential operator, ߶ ሺ‫;ݐ‬ ‫ݍ‬ሻ are an unknown function and ‫ݕ‬ ሺ‫ݐ‬ሻ are an initial guess of ‫ݕ‬ ሺ‫ݐ‬ሻ, which satisfies the initial conditions. It should be emphasized that one has great freedom to choose the initial guess ‫ݕ‬ ሺ‫ݐ‬ሻ, the auxiliary linear operator Λ , the auxiliary parameter ℏ and the auxiliary function ‫ܪ‬ ሺ‫ݐ‬ሻ. According to the auxiliary linear operator and the suitable initial conditions, when ‫ݍ‬ = 0, we have:
and when ‫ݍ‬ = 1, since ℏ ≠ 0 and ‫ܪ‬ ሺ‫ݐ‬ሻ ≠ 0 , the zeroth-order deformation Eq. (7) is equivalent to Eq. (6), hence:
Thus, according to Eq. (8) and (9), as ‫ݍ‬ increasing from 0 to 1, the solution ߶ ሺ‫;ݐ‬ ‫ݍ‬ሻ various continuously from the initial approximation ‫ݕ‬ ሺ‫ݐ‬ሻ to the exact solution ‫ݕ‬ ሺ‫ݐ‬ሻ. Define the so-called ݉th-order deformation derivatives:
Expanding ߶ ሺ‫;ݐ‬ ‫ݍ‬ሻ in a Taylor series with respect to the embedding parameter ‫,ݍ‬ by using Eq. (8) and (10), we have:
Assume that the auxiliary parameter ℏ , the auxiliary function ‫ܪ‬ ሺ‫ݐ‬ሻ, the initial approximation ‫ݕ‬ ሺ‫ݐ‬ሻ and the auxiliary linear operator Λ are properly chosen so that the series (11) of ߶ ሺ‫;ݐ‬ ‫ݍ‬ሻ converges at ‫ݍ‬ = 1. Then, we have under these assumptions the solution series ‫ݕ‬ ሺ‫ݐ‬ሻ = ‫ݕ‬ ሺ‫ݐ‬ሻ + ∑ ‫ݕ‬ ሺ‫ݐ‬ሻ ஶ ୀଵ .
According to Eq. (10), the governing equation can be deduced from the zeroth-order deformation Eq. (7). Define the vector ‫ݕ‬ Ԧ = ൛‫ݕ‬ ሺ‫ݐ‬ሻ, ‫ݕ‬ ଵ ሺ‫ݐ‬ሻ, ‫ݕ‬ ଶ ሺ‫ݐ‬ሻ, … , ‫ݕ‬ ሺ‫ݐ‬ሻൟ, ݅ = 1,2,3, … , ݊. Differentiating Eq. (7) ݉-times with respect to embedding parameter ‫ݍ‬ and then setting ‫ݍ‬ = 0 and finally dividing them by ݉!, we have, using Eq. (10), the so-called ݉th-order deformation equation:
where,
and
For any given nonlinear operator ܰ , the term ℛ ൫‫ݕ‬ Ԧ ሺିଵሻ ൯ can be easily expressed by Eq. (13). Thus, we can gain ‫ݕ‬ ሺ‫ݐ‬ሻ, ‫ݕ‬ ଵ ሺ‫ݐ‬ሻ, ‫ݕ‬ ଶ ሺ‫ݐ‬ሻ, … , ‫ݕ‬ ሺ‫ݐ‬ሻ by means of solving the linear high-order deformation Eq. (12) 
From the so-called ݉ th -order deformation Eq. (12) and (13), we have: 
RESULTS AND DISCUSSION
The HAM provides an analytical approximate solution in terms of an infinite power series. However, there is a practical need to evaluate this solution and to obtain numerical values from the infinite power series. The consequent series truncation and the practical procedure conducted to accomplish this task.
To consider the behavior of solution for different values of ߤ , ݅ = 1, 2, 3, 4 we will take advantage of the explicit formula (16) available for 0 < ߤ ≤ 1, ݅ = 1,2,3,4 and consider the following two special cases (Through this study, we set ℏ ଵ = ℏ ଶ = ℏ ଷ = ℏ ସ = ℏ):
Case I: We will examine the classical SEIR model (5) and (4) 
‫ݐ‬

Convergence of the series solution:
The HAM yields rapidly convergent series solution by using a few iterations. For the convergence of the HAM, the reader is referred to Liao (1992) .
According to Oldhamand Spanier (1974) it is to be noted that the series solution contain the auxiliary parameters ℏ which provides a simple way to adjust and control the convergence of the series solution. In fact, it is very important to ensure that the series Eq. (14) According to these ℏ-curves, it is easy to discover the valid region of ℏ which corresponds to the line segment nearly parallel to the horizontal axis. These valid regions have been listed in Table 1 to 3. Furthermore, these valid regions ensure us the convergence of the obtained series. In Liao (2006 Liao ( , 2010 and Podlubny (1999) several methods have been introduced to find the optimal value of ℏ. In Table 1 to 3, the optimal values of ℏ for the two previous cases are tabulated. These results are plotted in Fig. 5 to 8 at the optimal points of the valid region together with ℏ ଵ = −1 when ߤ = 1 and ߤ = 0.75, ݅ = 1,2,3,4 for the four components ܵሺ‫ݐ‬ሻ, ‫ܧ‬ሺ‫ݐ‬ሻ, ‫ܫ‬ሺ‫ݐ‬ሻ and ܴሺ‫ݐ‬ሻ, respectively. As the plots show while the number of susceptible increases, the population of who are infective decreases in the period of the epidemic. Meanwhile, the number of immune population increases, but the size of the population over the period of the epidemic is constant.
In Table 4 to 7, the absolute residual errors ‫ܴܧ‬ ௌ , ‫ܴܧ‬ ூ , ‫ܴܧ‬ ூ and ‫ܴܧ‬ ோ have been calculated for various ‫ݐ‬ in 
CONCLUSION
The analytical approximation solutions of the epidemiological model are reliable and confirm the power and ability of the HAM as an easy device for computing the solution of nonlinear problems. In this study, a fractional-order differential SEIR model is studied and its approximate solution is presented using HAM. The present scheme shows importance of choice of convergence control parameter ℏ to guarantee the convergence of the solutions. Moreover, higher accuracy can be achieved using HAM by evaluating more components of the solution. In the near future, we intend to make more researches as a continuation to this study. One of these researches is: application of HAM to solve age-structured SEIR epidemic model.
